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Outline

" Introduction to the problem of Slepian-Wolf coding

» Solutions based on channel codes (memoryless sources)
= asymmetric SW coding revisited
= A Turbo-Syndrome approach

» SW coding for arbitrarily correlated sources and with flexible
rate allocation between the two sources

» Solutions based on source codes (memory sources)
= Overlapped arithmetic codes
* Punctured arithmetic codes



Slepian-Wolf theorem (1973)

Separate encoding and
= conditional decoding

<~ Coding/decoding

(coding with side
Information or
Asymmetric DSC)

H()I(|Y) H(X)

S-W coding with vanishing error probability
(symmetric DSC)

Ry +R, =H (X,Y)



Slepian-Wolf theorem (1973)

* Decoder finds the sequence in the bin (‘red’) that 1s
jointly typical with Y™.




How to construct the bins?

*  Wyner first suggested parity-check codes in 1974 to approach the corner points in
the S-W rate region

— Generate bins as cosets of a “good” parity check code

— A sequence of n input bits 1s mapped into its corresponding (n-k) syndrome
bits, leading to a compression ratio of n : (n-k)

— The decoder searches for the sequence in the coset that is jointly typical with
the side information sequence Y"

=> This is called the syndrome approach

A capacity-achieving code can be turned into an optimal DSC code




In practice: Binary linear codes (e.g. rate k/n)

* The code C, contains 2% codewords in the set of 2" elements
Co={x:x=uG}, G= generator matrix (size k x n)
= { x : Hx' = 0}, H= parity check matrix (size n-k x n)

* In communication, the decoder searches for:

A

X=argmin {X: X € C,} d(X,Y)

 In DSC, the encoder computes the syndrome
H X! =5
and the decoder has to search for
L =argmin {X: X€ C} d(X,Y)..NOT USUAL



DISCUS: DIstributed Source Coding Using Syndromes

[Ramchandran & Pradhan 1999]

*Goal: find a way to enumerate all possible codewords in the coset Cg
of a convolutional code (or multilevel code)

Idea:
LetCg={x:Hx!'=s}
=C,tt, where t € Cq

If the code is systematic, then a candidate is t= [0 s]

In practice: add [0 s] to all edges in the trellis (trellis labeled
differently).

—if s=0, this is the usual trellis (called primary trellis)

—for s#0, this is the secondary trellis enumerating the codewords in
the coset Cq



Syndrome former/Inverse syndrome former

N i
* Decoder: X =arg min {X: X € C.} d(X,Y) [Tu, Li, Blum 05]

=arg min {X: X € C.} d( X-t,Y-t)

Change of Varlable b=X-t, with t € C_ (t=[0 s] for systematic codes)
b—argmm {b: b€ C,} d(b,Y-t)= Rt
use classical channel decoders

/\
S
X ’Encoder ISF t 1 | Decoder /ln X

SF : g %




Syndrome approach with LDPC code

[Liveris, Xiong,Georghiades 2002]

Low density Parity Check code:

* defined by their low density matrix H: Hx' =0

 Efficiently decoded by the sum-product algorithm
Y

X

\

Parity check equation




Syndrome approach with LDPC codes

[Liveris, Xiong,Georghiades 2002]

Low density Parity Check code for the S-W problem

 defined by their low density matrix H: Hx' = s

Idea: add the syndrome bits known perfectly at the decoder
Y

X

Parity check equation

. O O O O




Rate-adaptive asymmetric and symmetric
coding for arbitrarily correlated sources

R, |
(bits]

o L

\§§ ----------------------------

For varying correlation

H(X]Y) H(X) R, [bits]

Reaching any point of the segment R, + R, = H (X ,Y) for flexible rate allocation
between X and Y



Rate-adaptive asymmetric coding

for arbitrarilz correlated sources

 Parity approach:
— To adapt the rate: puncture the parity bits

* Syndrome approach:

— Puncture the parity bits and compute the new H matrix [Li, Alqamzi
035, Jiang, He, Jagmohan 07...]

 The resulting code is not incremental
— Puncture the syndromes

BUT the syndrome bits are not protected
* Protect them: LDPC with accumulator code [Varodayan & Girod 06]
A turbo-syndrome approach [Roumy, Lajnef, Guillemot, Asilomar 07]

— Decode in the union of all the cosets

— Single code that is both rate-adaptive and incremental, with the constraint of
linear (in the code blocklength) coding and decoding complexity.



Rate-adaptive asymmetric coding

for arbitrarilz correlated sources

* A Turbo-Syndrome approach [Roumy, Lajnef, Guillemot 07]

— A classical trellis 1s a compact representation of all possible
codewords in a convolutional code and 1s based on the generator
polynomials of the code

— Here, novel construction of a syndrome trellis based on the
parity check polynomial matrix without having to expand the
matrix into a matrix of equivalent block codes of large
dimensions

— Decode in the union of all the cosets



Rate-adaptive asymmetric coding

for arbitrarilz correlated sources

o Example for arate 1/2 code ~ “”

H=[7,5]; H(D)=[1+D+D?1+D’]

XI(D):szlDI %) J
leN
Y

Xz(D):g\;szDl % D 5 D vcl s(D)
s(D) = (1+ D+ D?)x (D) +(1+ D*)x, (D) c,(D) c,(D)

Factorization of the syndrome polynomial into
o,(D)
A

s(D) =X (D) +x,(D)+D(x, + ['z(x1 +X,
Y
o,(D)

~




Rate-adaptive asymmetric coding
for arbitrarily correlated sources

« Rate adaptation by puncturing

— In principle, search for the closest sequence in a coset indexed
by the syndrome value

— BUT the number of cosets (decoding complexity) grows
exponentially with the number of punctured syndrome bits

— Search 1n a union of cosets GO, XX,
) X . ) 00

* Trellis section = union of two trellis R

sections for punctured positions

01

» Complexity grows linearly with

the number of punctured positions




Rate-adaptive asymmetric coding

for arbitrarilz correlated sources

* Method equivalent to the parity approach 1f G=[I H]

« With syndrome approach, not necessary to have systematic codes;
Any syndrome bit position can be punctured

0 Turbo cod
’ | %;Rate 3:1
I ' —<— Rate 2:1 ]
* Syndrome approach: S R U R [ i e
optimal [Wyner 1974] | [ |
102 L L ,
5 '
i
107
10°E:
10°® ! ! ! ! é \ !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

H(X]Y)



Symmetric Slepian-Wolf Coding

1
n : Xl
Xl r}—k
H / Sx
n
y1 n-k
H // Sy
k
> yk1 +1

Turbo synd
—1 Decoder

SX
SZ
;|\ lloPcor | XD Y =12
S, Y —
vy 1

0

H=|AB|=s = Ax* ®Bx/,

[Gehrig, Dragotti 03]

R=(n—k-+k)/nHn—k)/n
=I-Hn-K)/n

n-k equations
with n-k unknowns

777 | |
| ) |

QrzzzzzzzzzizzzzizzzizzzizzzzzZz

N> <> >0

XI?+1 — B_I(Axlk @ Sx)



Rate-adaptive symmetric coding
for arbitrarily correlated sources

kl
n :Xl
Xl r}_k
H HpPH—#—s
n
y n-k
1 > H — P // > Sy
K
> yk1+1

[Toto-Zaratosoa, Roumy, Guillemot 07]

Sz
Turbo-synd
S or LDPC

— Decoder

XOY=12

Puncturing some syndrome bits => Set of matrices Hi

X[, =B (A ®@s,)

Choice of the puncturing positions so that the matrix B de dimension

(n-k)x(n-k) is invertible.
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SW coding based on source codes

QA

encoder

Arithmetic and quasi-arithmetic codes

[X. Artigas, S. Malinowski, C. Guillemot, L. Torres, ICIP’07]

Puncturing

matrix

Overlapped

QA encoder R

N S S
'

~

>

>

| : >

— [Lnapa(Hn - Ln) + pf\T/Q)
= |[P,(H, — L,)— pN/2,H,)



SW coding based on source codes

O Quasi-arithmetic codes (punctured or with overlap) can be represented as FSM
O Ambiguity on the decoded sequence due to either to overlap or to puncturing

abaa/011
abab / 10000
abb /100
b/1

aaa / 01
aabaa / 011
aabab /7 10000 aa/0 ab :Input symbols
aabb / 1000 a/0 O1 : Output bits
ab / 10 baa /011 [L,H) : Interval bounds
baab / 10000
bab /100

The symbol sequences babb and bbaaa both produce the bit sequence 1001



SW coding based on source codes

Similar trellis representations for punctured or overlapped QAC

(Nk, Mk)
o N
Decoder state symbol clock OQAC: Transition probabilities without SI

-~ 28 @ Y y:PaXPa;y:Pb,;y:Pa

®

M-2< [00@ )
[0,8) @ O/aa /@ ®
o

o

OQAC: Transition probabilities with SI
y=P2xP(X,=alY) x P(X; =alY)

\Y4

[ ®
[ [
® ®
2,8
e /e ¢ o y =P, x P(X,=b]Y)
M=1< 0@ ® ® y=P_xP(X,=alY)
[0.8) @ o o
N—
23 e g ® ® ® PQAC: Transition probabilities with Sl
M =0< 0 e ¢ ¢ ¢ 0.5 probability at position of punctured bits
[0.8) ® ® ®
N~

The transitions have variable-length inputs and outputs



Decoding performance

SER

0.001

oS0z ea o3 o 0s 0k 09
= T=8; memoryless case

= Source entropy = 0.47; Probas: 0.9, 0.1
= Rate of the QA = 0.49, of the OQA = 0.40
= Sequence length = 1000

T T
Owverlapped quasi

i i i i i i

SER

0.01 [

0.001 |

e S D

-
le-04
1e-05 |
- /l;uctured A memory 0.9 —
k~ Overlapped QA memory 0.9 - -X--
Overlapped QA memory 0.7 --4-- '
Overlapped QA memory 0.5 - -4-- i i
le-06
0.4 0.5 0.6 0.7 0.8 0.9
H(X|Y)

= T=8; memory case
= Probas: 0.9, 0.1, rho=0.9, 0.8, 0.7
Rate before puncturing: 0.31

= Rate after puncturing: 0.29



SW coding based on source codes

Used in iterative Structures

X
S_,Ipio-QAC 1
X,
» Interleaver P/O-QAC —¥
Y >
S—’ P/O-QAC |—s| Interleaver > Turbo
code
Y

Ext(sintlyint)
Interleaver |«
X BCJR <L2
BCJR - .
— QAC » Interleaver " QAC | —
i Tom B
vy | Ext(S|Y) Yin
Ext(sintlYint)
Interleaver |«
X4 A
- turbo » Interleaver > BCJR |9
~'| decoder QAC |7
Y

Ext(S|Y)



Decoding performance

SER
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N A oS ; ; Lo BTG witoumemory -3 |
el 0.2 0.25 03 0.35 0.4 0.45 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5
H(S|Y) H(X|Y)
= T=8; memoryless case = T=8; memory case
= Source entropy = 0.47; Probas: 0.9,0.1 = Source entropy =0.47; Probas: 0.7, 0.3
= Rate of the QA = 0.49, of the OQA =0.40 = Rho=0.9 |
= Sequence length = 1000 = Rate before punctgrlng. 0.9
= Rate after puncturing: 0.5



Conclusion

* For memoryless sources

* Syndrome-based solutions based on channel codes for
arbitrarily correlated sources and flexible rate allocation
between the two sources

= For sources with memory

= Solutions based on source codes
= QOverlapped arithmetic codes

= Punctured arithmetic codes

» [terative source-channel coding for good distance properties
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